Let (M, F) be a foliated manifold. We prove that there is a canonical isomorphism between the complex of base-like forms Ω * b (M, F) of the foliation and the "De Rham complex" of the space of leaves M/F when considered as a "diffeological" quotient. Consequently, the two corresponding cohomology groups H * b (M, F) and H * (M/F) are isomorphic. As an application we give a quick proof for the topological invariance of the base-like cohomology of Lie foliations (and Riemannian foliations) on compact manifolds.
Introduction
Diffeological spaces were introduced by J.-M. Souriau in [11] (and in a slightly different form by K.-T. Chen in [1] ) as a generalization of the notion of manifold. Spaces of maps and quotients of manifolds fit naturally into this category. Moreover, many definitions from differential geometry can be extended to this setting. In particular, due to their contravariant nature, "differential forms" and "De Rham cohomology groups" extend to diffeological spaces in a canonical way (for a complete description of the De Rham calculus on diffeological spaces see P. Iglesias' book [6] ).
In the context of Foliation Theory, the most interesting examples of diffeological spaces are the spaces of leaves M/F of foliated manifolds, endowed with the quotient diffeology induced by the smooth structure of the ambient manifold (see section 2 for a precise definition). It is then a natural problem to compare its De Rham cohomology H * (M/F ) with the base-like cohomology H * b (M, F ) which is a well known algebraic invariant of the foliation F (see for example [3, 10] ).
In this paper we prove that the two theories coincide for any foliation F (see Theorem 3.5). As an application we obtain (Theorem 4.3) a simple proof of the topological invariance of the base-like cohomology for Lie foliations on compact manifolds. This result, which extends by standard techniques of algebraic topology to the larger family of Riemannian foliations, was first proved by A. El Kacimi and M. Nicolau in [9] .
We thank F. Alcalde, J. A.Álvarez and R. Wolak for several useful comments and remarks.
Diffeological spaces
In this first section we introduce some basic notions concerning diffeological spaces and their cohomology groups (see [6] ).
Diffeologies of class
on an open subset U of some euclidean space will be called a n-parametrization of X. Now a diffeology of class C r on X is a family D r of parametrizations satisfying the following axioms:
(1) any constant parametrization of any dimension n ≥ 0 belongs to D r , (2) let R n ⊃ U α / / X be a parametrization of X; if there exists an open cover {V j } of U such that the restriction α j of α to V j belongs to D r for any j, then α belongs also to D r ,
for α ∈ D r and any
A set X endowed with a diffeology D r will be called a diffeological space of class C r , any parametrization α ∈ D r being a plot of X.
The following additional definitions and observations will be relevant for the description of the category of diffeological spaces.
(a) It will be often convenient to define a diffeology on X by means of a generating set: for any set G of parametrizations of X and any integer r, there exists a minimal diffeology of class C r containing G. It will be called the C rdiffeology generated by G.
(b) Let f : X → Y be a map from a diffeological space (X, D) to a set Y . The set f (D) of parametrizations of type f • α, where α ∈ D, generates a diffeology called the direct image of D by f .
(c) Now we define the morphisms in the category of diffeological spaces: An atlas V of class C r on a manifold M generates a C r -diffeology which depends only on the C r -structure defined by V. It is a manifold diffeology and consists of all C r -parametrizations of M. If M and N are two manifolds endowed with the corresponding C r -diffeologies, a map f : M → N is C r -diffeological if and only if it is C r -differentiable in the usual sense. In case r = 0, such a map is just a continuous map.
Example 2. Quotient diffeologies.
Let π : X → X/ρ be the quotient map of a set X by an equivalence relation ρ. If D is a diffeology on X, the direct image π(D) generates a diffeology on X/ρ which is called the quotient diffeology associated to the relation ρ. One can define it as being the weakest diffeology on X/ρ which makes π a diffeological map.
If (X, ρ) and (X ′ , ρ ′ ) are two spaces equipped with equivalence relations, a diffeological map f : (X, ρ) → (X ′ , ρ ′ ) which is compatible with ρ and ρ ′ , induces a mapf defining a commutative diagram :
andf is diffeological with respect to the quotient diffeologies.
There are two special cases of interest: (a) If ρ is the equivalence relation generated by a smooth action of a countable group Γ on a smooth manifold M, then M/ρ is a smooth diffeological space with respect to the corresponding quotient diffeology, the latter being a manifold diffeology if M/ρ is a manifold.
We will consider in particular the quotient of a connected Lie group G by a dense countable subgroup Γ which we will call a strongly homogeneous quotient.
(b) If the classes of ρ are the leaves of a smooth foliation F on a manifold M, the quotient is the leaf-space of F denoted by M/F . It is again a smooth diffeological space.
De Rham cohomology of smooth diffeological spaces
Here we consider a smooth diffeological space (X, D). Let ω α be a r-form on the domain U of the plot α. A family ω = {ω α } α∈D indexed by the plots α ∈ D, is a De Rham r-form on X if it fulfills the compatibility condition: 
It goes over to cohomology with the usual functorial properties. Now a smooth manifold M is naturally equipped with two De Rham cohomology groups: the usual one and the diffeological one as defined above. Fortunately, these two theories coincide as we show next. Indeed let Ω DR (M) be the usual De Rham complex of M, then the tautological map
defined by τ (η) = {α * η} α∈D for any form η ∈ Ω * DR (M) is a morphism of differential complexes. Moreover we have Theorem 2.1. -For any smooth manifold M, the tautological map τ is an isomorphism of differential complexes thus inducing an isomorphism
Proof. -Recall that the manifold diffeology of M is generated by any locally finite smooth atlas
is completely determined by the set of its components
By the compatibility condition of diffeological forms, the local forms η j = ϕ * j (w j ) ∈ Ω * (V j ) coincide on the overlaps of the sets
DR (M) which obviously commutes with the differential and is an inverse for τ .
Note that this result has also been proved by P. Iglesias in [6] . From now on we identify the two complexes at hand by means of the tautological map τ and denote by Ω * (M) and H * (M) the De Rham complex and cohomology of the manifold M whether in the usual or in the diffeological sense. Furthermore, we will denote by Ω * (X) and H * (X) the De Rham complex and cohomology of any diffeological space X without mention of the diffeology when there is no ambiguity.
Main Theorem

Base-like cohomology of foliations
is base-like for F if for any vector field X tangent to F , we have i X ω = 0 and i X dω = 0.
In particular, the Lie derivative L X ω of ω with respect to such a vector field X vanishes and ω is preserved by the flow generated by X. The differential of a base-like form is evidently base-like and we denote by Construction. -Recall that any codimension m foliation (M, F ) of class C r on a manifold M of dimension n, can be defined by a foliated cocycle
with values in the pseudo-group P m of local C r -diffeomorphisms of R m verifying the following: i) the underlying covering V = {V i } i∈I is a locally finite covering by open cubes, ii) any iii) when V i ∩ V j = ∅, the cocycle {g ij } determines a family of local C rdiffeomorphisms g ij : Q j → Q i which generates the holonomy pseudo-group H of F acting on Q = i Q i . Indeed we represent concretely each Q i as a local transverse cube to F cutting each plaque of V i in exactly one point and such that Q i ∩ Q j = ∅ for i = j. Under these circumstances, we call Q a total transversal to F and denote by χ : Q → M, the natural inclusion of Q into M.
Next restricting forms of M to Q, we obtain a homomorphism χ * : Ω * (M) → Ω * (Q) and it is routine to show the following:
Proposition 3.1. -This homomorphism χ * restricts as an isomorphism
where Ω * H (Q) is the complex of usual De Rham forms on Q which are invariant by the holonomy pseudo-group H.
Comparison theorem
We are now in position to state and prove our main theorem. With the notations of the previous section, let (Q, H) be the holonomy pseudo-group of the foliated manifold (M, F ) and let ρ be the associated equivalence relation. We have a commutative square:
where Q and M are endowed with their manifold diffeologies, Q/ρ and M/F with the corresponding quotient diffeologies andχ is the map induced by the inclusion χ of Q into M.
Lemma 3.2. -For any foliated manifold (M, F ), the mapχ is a smooth diffeological isomorphism.
Proof. -First note that χ and the three maps π, p andχ are smooth by definition of the quotient diffeologies. Next notice thatχ is bijective and thus it just remains to show that its inverse is smooth. To do so recall that the manifold diffeology of M can be generated by the set G of smooth parametrizations whose image is contained in some element V j of the covering V. Then p(G) generates the quotient diffeology of M/F and for any plot γ ∈ p(G), there exists an index j and a plot α with range in V j such that γ = p • α. Let f j : V j → Q j be the local projection provided by the foliated cocycle C, then f j • α is a plot in Q j such that
is contained in the diffeology of Q/ρ. This latter condition means that (χ) −1 is smooth; the proof is complete.
In the sequel we will identify base-like forms and forms on Q/ρ. Next we focus on the projection π : Q → Q/ρ. The crucial point in the procedure will be the following geometrical observation. Proof. -For any element h ∈ H there exists X h ⊂ U, possibly empty, such that β(x) = h • α(x) for any x ∈ X h and this set is a closed subset of U by continuity. On the other hand, condition π • α = π • β implies that for any point x ∈ U there exists an element h x ∈ H such that β(x) = (h x • α)(x) and consequently X h covers U. But the set of maximal elements of H is countable and therefore by Baire theory there exists an element h 1 such that X h 1 has non empty interior W 1 . We apply the same argument to U\X h 1 and repeating infinitely many times the construction if necessary, we obtain the wanted sequence. First we note that the image of π * is contained in Ω * H (Q) because π • h = π for any h ∈ H. Thus it remains to construct an inverse σ of π * on the H-invariant forms as follows.
Fix v ∈ Ω * H (Q) and let α, β : U → Q be two plots of Q such that π • α = π • β = γ a plot of Q/ρ. As v is H-invariant, we can consider the family of local diffeomorphisms h s and open sets W s provided by lemma 3.3. Because any h s belongs to H and v is H-invariant, we get
and as s W s is dense in U, it follows that α * (v) = β * (v) and so this form depends only on γ; we denote it by u γ .
Next recall that the diffeology of Q/ρ is generated by the set G of plots γ : U → Q/ρ for which there exists a lift α :
It is easy to check that in this way we obtain a well defined diffeological form u ∈ Ω * (Q/ρ). It verifies π * u = v because by definition
on the domain of γ = π • α. The proof is complete.
To conclude, we note that p * = (χ * 0 ) −1 •π * •χ * which leads to our comparison theorem:
Consequently the De Rham cohomology H
* (M/F ) of M/F is isomorphic to the base-like cohomology H * b (M, F ) of F .
C
-invariance of the De Rham cohomology
It is a well known fact that De Rham cohomology is a topological invariant for smooth manifolds. Here we investigate the corresponding question for smooth diffeological spaces focusing on a restricted class of such spaces. The goal is to recover, as an application of our theorem 3.5, the topological invariance of the base-like cohomology for Riemannian foliations on compact manifolds established by A. El Kacimi and M. Nicolau in [9] . Our argument will be very quick and straightforward showing the power and simplicity of the diffeological approach.
The case of strongly homogeneous quotients
Consider a strongly homogeneous diffeological space G/Γ as defined in example 2 above. IfΓ = q −1 (Γ), the universal covering q :G → G induces a smooth diffeological mapq :G/Γ → G/Γ, which is a smooth isomorphism of diffeological spaces. Thus without loss of generality, we may always assume that G is simply connected (and connected).
The group of smooth diffeological isomorphisms of G/Γ was explicitly computed in [4] . Here we focus on continuous diffeological isomorphisms and want to prove the following result:
is indeed a C ∞ -isomorphism and the two Lie groups G and G ′ are isomorphic.
Proof. -The proof uses the theory of covering spaces in the diffeological category developed in [5] which is formally the same as in the topological category. It follows the lines of an argument first used in [4, p. 252] .
(a) As G and G ′ are simply connected, they are the universal coverings (in the category of diffeological spaces) of G/Γ and G ′ /Γ ′ respectively. Thus the map ϕ lifts as a C 0 -diffeological isomorphism, that is we have a commutative diagram
where the lift φ is indeed a homeomorphism. And our goal being to prove that ϕ is a smooth diffeological isomorphism it will be enough to show that the lift φ is smooth in the usual (or equivalently diffeological) sense. To do so, we will show that e being the identity of G and ν = φ(e) −1 , the map ψ = L ν • φ is a continuous and thus a smooth Lie group isomorphism.
(b) Indeed, fix an element γ ∈ Γ. For any g ∈ G the two elements g and gγ are equivalent by Γ and consequently φ(g) and φ(gγ) are equivalent by Γ ′ because φ is equivariant with respect to the right actions of Γ and Γ ′ . This means also that for any g
and G being connected and Γ ′ being totally disconnected, the continuous map
for any γ ∈ Γ and g ∈ G. The latter relation can be rewritten as
(c) Consequently, we see that the ψ which is continuous by definition restricts to a continuous group homomorphism from Γ to Γ ′ . And Γ being dense in G it follows easily that ψ : G → G ′ is a homomorphism thus a continuous group isomorphism and finally a smooth Lie group isomorphism. This means that G is isomorphic to G ′ and ϕ is smooth.
C 0 -invariance of the base-like cohomology of Riemannian foliations
Let G be the Lie algebra of a connected (and simply connected) Lie group G. A foliation F on a closed manifold M is a G-Lie foliation if it is defined by a non vanishing G-valued 1-form ω verifying the Maurer-Cartan equation
These foliations have been introduced first by E. Fedida who gives the following nice description [2, 7] . Now applying standard techniques from algebraic topology and using the structure theory of Molino [8] 
